m-1= (* ADDITIONAL MATERIAL
"A NEW CLASS OF PARTIALLY FILLED ARRAYS AND ITS APPLICATIONS" %)
(* Simone Costa, Stefano Della Fiore, and Anita Pasotti =)
(» We prove that the partial sums for each of the first
k-1 columns of the non zero sum Heffter

array A defined in Theorem 5.2 are pairwise distinct x)

(* In all the document we suppose that n 2 k 2 1 and 1 < i < k-1 %)

mj= (* CASE 1) k even and i odd (k odd and i even) =)

(» We first parametrize each partial sum as follows x)

flfa_] := -a(k-1)-k (n-k+1+1);

f2[b_] := b (k-1);

f3[g_] := -((k-i-1)/2) (k-1) -k (n-k+1+1) + g (k-1) +1;
fa[d_] := -((k-i-1)/2) (k-1) -k (n-k+1+1i) -d (k-1);

Style["Parametric forms for k even and i odd", FontWeight » Bold]
Pr'int["lst parametric form: ", TraditionalForm[fl[a]],
" for ", TraditionalForm[@ < a s (k-i-1)/2]];
Pr'int["2nd parametric form: ", TraditionalForm[f2[B]],
" for ", TraditionalForm[1s< B s (k-1i-1)/2]];
Pr'int["3rd parametric form: ", TraditionalForm[f3[¥]],
" for ", TraditionalForm[@ < y < (i-1)/2]];
Pr'int["4th parametric form: ", TraditionalForm[f4[&]],
" for ", TraditionalForm[1=< 6 < (i-1)/2]];

Style["Parametric forms for k odd and i even", FontWeight - Bold]
Pr'int["lst parametric form: ", TraditionalForm[-fl[a]],
" for ", TraditionalForm[@ < a < (k-1i-1)/2]];
Pr"int["2nd parametric form: ", TraditionalForm[-f2[B]],
" for ", TraditionalForm[1s< B = (k-1i-1)/2]];
Pr'int["3rd parametric form: ", TraditionalForm[-f3[¥]],
" for ", TraditionalForm[06 < y <i/2-1]];
Pr'int["4th parametric form: ", TraditionalForm[-f4[&]],
" for ", TraditionalForm[1s< 6 <1 /2]];

oui-j- Parametric forms for k even and i odd
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1st parametric form: -k (7-k+n+1) -a (k-1) for 0 <o < % (-7+k-1)

1
2nd parametric form: j3 (k—l) for 1<pB3 < ; (-7+k-1)
1 -1
3rd parametric form: —k(i—k+n+l)+; (k-1) (i—k+1)+7’+y(k—l) for 0 <y = "
1 -1
4th parametric form: -k (7-k+n+1) +; (k-1) (1-k+1)-6(k-1) for 1 <6< "
our-- Parametric forms for k odd and i even
1
1st parametric form: k (i-k+n+1)+a (k-1) for @ <a=< = (-7+k-1)
2
1
2nd parametric form: B (- (k-1)) for 1=p=< 5 (-7+k-1)
3rd parametric form: k (i-k+n+1)- = (k-1) (1-k+1)-7-vy (k-1) for 0 <y < 171
2

4th parametric form: k (7-k+n+1)-— (k-1) (1-k+1)+6 (k-1) for 1 <6<

N |~ N |-

N |-

m-1= (* Comparison 1lst - 1st x)
Print["-2nk-1 < ", TraditionalForm[Simplify[fl[al] - f1[a2]]],
" < 2nk+1 and ", TraditionalForm[Simplify[fl[al] - f1[a2]] # O],
" since ", TraditionalForm[al # a2]];

-2nk-1 < - (k-1) (al-02) < 2nk+1l and - (k-1) (al-a2) #+0 since al # o2

m-= (* Comparison 1st - 2nd )
max = Maximize[{f2[b] - f1[a], 121, i< k-1,
a= (k-i-1)/2, b= (k-i-1)/2, k21, nzk}, {a, b, i}];

max = max[[11]1[[1]1T1002110[11];
min =

Minimize[{f2[b] - f1[a], i21, i< k-1,a= 0, b=1, k21, n>k}, {i, b, a}];
min = min[[1]1[[1]1[[2]11[[1]]1;
Print["0 < ", TraditionalForm[Simplify[min]],

" < ", TraditionalForm[Simplify[f2[B] - f1[a]l]l],

" < ", TraditionalForm[Simplify[max]], " < 2nk+1" ];

0 < -k*>+k (n+3) -1 = —o<—5+k(o<+6+‘i+n+l)—k2 < kn < 2nk+1



proof_sum_distinctness_first_columns.nb | 3

n-= (* Comparison 1st - 3rd =)

max = Maximize[{f3[g] - f1[a], i2 1, i< k-1, a2 0,
as< (k-i-1)/2, g=20, g= (i-1)/2, k2 1, nz k}, {i, g, a}];

max = max[[11]1[[1]11[[211[[21]11;

min = Minimize[{f3[g] - f1[a], 12 1, i< k-1, a2 0,
as< (k-i-1)/2, g=0, g< (i-1)/2, k=2 1, nz k}, {i, g, a}];

min = min[[1]1[[111[[2]10[11];

sol = Reduce[{f1l[a] - f3[g] == 0 && i == k-1& a> 0 & as (k-i-1)/2 &&
g208&ugs (i-1)/28& k2 18 n=xk}, {k,n,i,g,a}, Integers];

Pr'int["—an—l < ", TraditionalForm[Simplify[min]], " < ",

Tr'ad'it'ionalForm[(k—l) (a+7— 1 (k—'i —1)) +1 ],
2

" <", TraditionalForm[Simplify[max]], " < 2nk+1"];
1
Print["Since ", TraditionalForm[(k-1) (a+7— = (k-1- 1)) +i],
2

" =0 if and only if ", Congruent[i, 0],
"(mod k-1) then the only possible value for i 1is k-1 because ",
TraditionalForm[1l < i< k-1], "."];

Print["Does ", TraditionalForm[(k-1) (+a+y+1) |,

" = 0 have a solution? ", sol, "."];

-2nk-1 < 7§ (k-3) k = (k-1)

1. , 1
a+y+;<7—k+l)]+7 < g (k—l)k < 2nk+1

Since (k— l)

1
a+y+—(-i—k+l)]+7' = 0 if and only if i=0
2

(mod k-1) then the only possible value for i is k-1 because 1 <7< k-1.

Does (k-1) (a+y+1) = 0 have a solution? False.

m-= (* Comparison 1st - 4th x)
max = Maximize[{fl[a] - f4[d], i2> 1, i< k-1, a2 0,
as< (k-i-1)/2,d21, d=<i/2, k21, n2k}, {a,d, i}];
max = max[[1]1[[1]T100[21]1[[1]11];
min = Minimize[{f1[a] - f4[d], i2 1, i< k-1, a> 0,
as (k-i-1)/2,d21, d<1i/2, k21, nz2k}, {a,d, i}];
min = min[[1]1[[1]1[[2]11[[1]]1;
Print["0 < ", TraditionalForm[Simplify[min]],
" < ", TraditionalForm[Simplify[fl[a] - f4[6]1],
" < ", TraditionalForm[Simplify[max]], " < 2nk+1" ];

1 1
0 < k-1 = (k-1) (-200+265-7+k-1) = = (k-1)% < 2nk+1
2 2
n-= (* Comparison 2nd - 2nd )
Print["-2nk-1 < ", TraditionalForm[Simplify[f2[B1] - f2[B2]]1],
" < 2nk+1l and ", TraditionalForm[Simplify[f2[B1] - f2[B2]] # O],
" since ", TraditionalForm[B1 # B2]];

-2nk-1 < (k-1) (B1-p2) < 2nk+1 and (k-1) (B1-B2) #©® since 1 # 82
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n-= (* Comparison 2nd - 3rd =)
max = Maximize[{f2[b] - f3[g], i2 1, i< k-1,b21,
bs (k-i-1)/2,g20, g= (i-1)/2, k21, nz2k}, {b, g, i}];
max = max[[111[[1]1T10[211[[111;
min = Minimize[{f2[b] - f3[g], 12 1, i< k-1,b21,
bs (k-i-1)/2,g20, g< (i-1)/2, k21, nzk}, {b, g, i}];
min = min[[1]1[[1]1[[2]11[[1]]1;
Print["0 < ", TraditionalForm[Simplify[min]],
" < ", TraditionalForm[Simplify[f2[B] - f3[¥]]1],
" < ", TraditionalForm[Simplify[max]], " < 2nk+1" ];

|
[N
IA

1
— (-2B+2y+ 7 (k-1)-K*+2k (B-y+n) +1) = k(n-1)+1 < 2nk+1
2

mn-1= (* Comparison 2nd - 4th )
max = Maximize[{f2[b] - f4[d], 2 1,
i< k-1, b= (k-i-1)/2,d=1/2, k21, nzk}, {b,d, i}];

max = max[[1]1[[1]10[2]]10[21]];
min =

Minimize[{f2[b] - f4[d], i2 1, i< k-1,b=1, d=1, k21, nz2Kk}, {b,d, i}];
min = min[[1]1[[111[[2]10[11];
Print["0 < ", TraditionalForm[Simplify[min]],

" < ", TraditionalForm[Simplify[f2[B] - f4[6]1],

" < ", TraditionalForm[Simplify[max]], " < 2nk+1"];

N |-
N |~

(-2B8-26+7 (k+1)-Kk*+2k (B+6+n) +1) = (k*+2k (n-1) +1) < 2nk+1
mn-1= (% Comparison 3rd - 3rd =)
Print["-2nk-1 < ", TraditionalForm[Simplify[f3[¥1l] - f3[¥2]1]1]1,
" < 2nk+1 and ", TraditionalForm[Simplify[f3[yl] - f3[¥2]] # 0],
" since ", TraditionalForm[yl # ¥2]1];

-2nk-1 < (k-1) (y1-¥2) < 2nk+1 and (k-1) (y1-v2) #© since yl #y2

mn-1= (% Comparison 3rd - 4th )
max = Maximize[{f3[g] - f4[d], 2 1,
i<k-1,d=1i/2,g= (i-1) /2, k21, n2k}, {d, g, i}];
max = max[[11][[1]T0[2110[11];
min =
Minimize[{f3[g] - f4[d], i2 1, i< k-1,d=1,g=0, k21, n2k}, {d, g, i}];
min = min[[11][[1]110[2110[1]1;
Print["0 < ", TraditionalForm[Simplify[min]],
" < ", TraditionalForm[Simplify[f2[y] - f4[6]11],
" < ", TraditionalForm[Simplify[max]], " < 2nk+1"];
3k 1
2

1
0<ks*(—27—26+i(k+l)—k2+2k(7(+6+n)+l) < k% - + — < 2nk+1
2 2
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n-= (* Comparison 4th - 4th x)
Print["-2nk-1 < ", TraditionalForm[Simplify[f4[61] - f4[52]1]11,
" < 2nk+1l and ", TraditionalForm[Simplify[f4[61] - f4[62]] # O],
" since ", TraditionalForm[61 # 62]];

-2nk-1 < - (k-1) (61-62) < 2nk+1 and - (k-1) (61-62) #0 since 61 # 62

Inf[e]:=
(» CASE 2) k even and i even (k odd and i odd) =)

(» We first parametrize each partial sum as follows =x)

flfa_] := -a (k-l)-k(n—k+1+‘i);
f2[b_] := b (k-1);

f3[g_] := (k-1) /2 (k-1) - g (k-1)-1;
fard_] := (k-1) /2 (k-1) +d (k-1);

Style["Parametric forms for k even and i even", FontWeight -» Bold]
Pr'int["lst parametric form: ", TraditionalForm[fl[a]l],
" for ", TraditionalForm[@ < a s (k-1)/2-1]];
Pr'int["2nd parametric form: ", TraditionalForm[f2[B]],
" for ", TraditionalForm[1s B8 < (k-1)/2]];
Pr'int["3rd parametric form: ", TraditionalForm[f3[¥]],
" for ", TraditionalForm[0o =< y <i/2-1]];
Pr'int["4th parametric form: ", TraditionalForm[f4[&]],
" for ", TraditionalForm[l1< & <1i/2]];

Style["Parametric forms for k odd and i odd", FontWeight -» Bold]
Pr'int["lst parametric form: ", TraditionalForm[-fl[a]],
" for ", TraditionalForm[@ < a s (k-1)/2-1]];
Pr'int["2nd parametric form: ", TraditionalForm[-f2[B]],
" for ", TraditionalForm[1=< B < (k-1)/2]];
Pr'int["3rd parametric form: ", TraditionalForm[-f3[¥]],
" for ", Trad'it'ionalForm[O <y < ('i —1) /2]];
Pr'int["4th parametric form: ", TraditionalForm[-f4[&]],
" for ", TraditionalForm[1s< 6 < (i-1)/2]];

oul-}- Parametric forms for k even and i even

k-1
1st parametric form: -k (i-k+n+1) -a (k-1) for @ <a= N -1
k-1
2nd parametric form: j3 (kfl) for 1< =
3rd parametric form: (k-1) (k-17)-7-v (k-1) for 0 <y < ifl

4th parametric form:

N[k~ N[~

(k-1) (k-17)+6 (k-1) for 1 <6 =

our-- Parametric forms for k odd and i odd
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Infe]:=

In[#]:=

Inf[e]:=

k-1
1st parametric form: k (i-k+n+1)+a (k-1) for @ <a < N -1
k-1

2nd parametric form: j3 (7(/(71)) for 1 <3 = "

1 -1
3rd parametric form: -— (k-1) (k-17)+7+y (k-1) for @ <y =< "

2

1 -1
4th parametric form: -5 (k-1) (k-1) -6 (k-1) for 1=6=< 2

(* Comparison 1lst - 1st x)

Print["-2nk-1 < ", TraditionalForm[Simplify[fl[al] - f1[a2]]],
" < 2nk+1 and ", TraditionalForm[Simplify[fl[al] - f1[a2]] # O],
" since ", TraditionalForm[al # a2]];

-2nk-1 < - (k-1) (al-02) < 2nk+1l and - (k-1) (al-a2) #+0 since al # o2

(*» Comparison 1lst - 2nd %)
max = Maximize[{f2[b] - f1[a], 121, i< k-1,

a= (k-1)/2-1, b= (k-1) /2, k2 1, n2 k}, {i, b, a}];
max = max[[11]1[[1]1T1002110[11];

min = Minimize[

{f2[b] - f1[a], 121, i< k-1, a= 0, b=1, k2 1, n2> k}, {i, b, a}];

min = min[[1]1[[1]1[[2]11[[1]]1;
Print["® < ", TraditionalForm[Simplify[min]],
" < ", TraditionalForm[Simplify[f2[B] - f1[a]l]l],
" < ", TraditionalForm[Simplify[max]], " < 2nk+1"];

0 < -k*+k(n+3)-1 = —o<—5+k(o<+6+‘i+n+l)—k2 < kn < 2nk+1

(*» Comparison 1lst - 3rd =)
max = Maximize[{f3[g] - f1[a], i2 1, i< k-1, a2 0,
as< (k-1i)/2-1, g=20, g= (i-1)/2, k= 1, nz k}, {i, g, a}];
max = max[[1]11[[1]1T100[211[[111;
min = Minimize[{f3[g] - f1[a], 12 1, i< k-1,
as< (k-i)/2-1, g=0, g< (i-1)/2, k= 1, nz k}, {i, g, a}];
min = min[[1]1[[1]1[[2]11[[1]]1;
Print["0 < ", TraditionalForm[Simplify[min]],
" < ", TraditionalForm[Simplify[f3[y] - f1[a]ll],

" < ", TraditionalForm[Simplify[max]], " < 2nk+1"];
k? 1
0 < -—+kn+k-— <
2 2

(-20+2y+7 (k-1)-k*+k (2a-2y+2n+1)) = k (n-1)+1 < 2nk+1

N |
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n-= (* Comparison 1st - 4th x)
max = Maximize[{f4[d] - f1[a], 122, i< k-1,
a= (k-i)/2-1, d=14/2, k21, nz k}, {d, a, i}];
max = max[[111[[1]1T10[211[[111;
min =
Minimize[{f4[d] - f1[a], i21, i< k-1, a== 0, d==1, k= 1, n2 Kk}, {d, a, i}];
min = min[[1]1[[1]1[[2]11[[1]]1;
Print["0 < ", TraditionalForm[Simplify[min]],
" < ", TraditionalForm[Simplify[f4[6] - f1[all],
" < ", TraditionalForm[Simplify[max]], " < 2nk+1"];
k2

1
0 < -—+k (n+2) -—
2 2

<

N |~

(-2 (ax+6) +7 (k+1) -k*+k (2a+25+2n+1)) =

N |

(k*+2k (n-1) +1) < 2nk+1

n-= (* Comparison 2nd - 2nd )
Print["-2nk-1 < ", TraditionalForm[Simplify[f2[B1] - f2[B2]]1],
" < 2nk+1 and ", TraditionalForm[Simplify[f2[B1] - f2[B2]] # O],
" since ", TraditionalForm[B1 # B2]];

-2nk-1 < (k-1) (B1-p2) < 2nk+1 and (k-1) (B1-p2) #+© since Bl # B2

m-= (* Comparison 2nd - 3rd =)
max = Maximize[{f3[g] - f2[b], i2 1, i< k-1, b=1,
bs (k-i) /2, g=10, g=s (i-1) /2, k2 1, nz k}, {i, g, b}];
max = max[[11][[1]T0[2110[11];
min = Minimize[{f3[g] - f2[b], 12 1, i< k-1,
b:: (k—'i)/Z,g:: ('i—l)/z, k > 1, n = k}, {g,b,'i}];
min = min[[1]1[[1110[2]110[11];
Print["-2nk-1 < ", TraditionalForm[Simplify[min]],

k-1 )
2 ) -ils
" < ", TraditionalForm[Simplify[max]], " < 2nk+1"];

Reduce[{f3[g] - f2[b] = © && i > 1 && i = k-1 && k21 && nz k,
b1, bs (k-1i) /2, gz0, g=s (i-1)/2}, {n, k, i}, Integers];

" < ", TraditionalForm[ (k- 1) (—/3—7+

. . I k-1y .
Pr1nt["S1nce ", Trad1t1ona1Form[ (k - 1) [—/3 -Y+ ] - 7] )
2

= 0 if and only if ", Congruent[i, 0],
"(mod k-1) then the only possible value for i is k-1 because ",
TraditionalForm[1l < i< k-1], "."];

Pr'int["Does ", Trad‘it‘ionalForm[(k—l) (—3-7—1/2) ],

" = @ have a solution? ", sol, "."];

1 k-1
—2nk-1 < -;(k—l)k < (k-1) [—B-y+ " ]-7‘ < (k2-4k+1) < 2nk+1

1
2

Since (kf 1)

k-1
-B-v+ )—i:@ifand only if i=0
2
(mod k-1) then the only possible value for i is k-1 because 1< 7=<k-1.

1
Does (k—l) [—/3—\,{— —| = ® have a solution? False.
2
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n-= (* Comparison 2nd - 4th x)
max = Maximize[{f4[d] - f2[b], 121, i< k-1,
b1, bs (k-i) /2, d21, d<i/2, k2 1, n2 k}, {d, b, i}];
max = max[[111[[1]1T10[211[[111;
min = Minimize[{f4[d] - f2[b], 121, i< k-1,
b1, bs (k-i)/2, d21, d=<i/2, k2 1, n2 k}, {d, b, i}];
min = min[[1]1[[1]1[[2]11[[1]]1;
Print["0 < ", TraditionalForm[Simplify[min]],
" < ", TraditionalForm[Simplify[f4[6] - f2[B]1],
" < ", TraditionalForm[Simplify[max]], " < 2nk+1"];

1 1
0 < k-1 = ;(k—l) (-2B+26-7+k) = ;(k2—3k+2) < 2nk+1

n-= (* Comparison 3rd - 3rd )
Print["-2nk-1 < ", TraditionalForm[Simplify[f3[¥1l] - f3[¥2]]1],
" < 2nk+1 and ", TraditionalForm[Simplify[f3[yl] - f3[¥2]] # O],
" since ", TraditionalForm[yl # ¥21];

-2nk-1 < - (k-1) (y1-%2) < 2nk+1 and - (k-1) (y1-v2) #0 since y1# 2

n-= (* Comparison 3rd - 4th x)
max = Maximize[{f4[d] - f3[g], 121,
i< k-1, g= (i-1)/2, d=1/2, k2 1, nz k}, {d, g, i}];

max = max[[11]1[[1]10[2110[11];
min =

Minimize[{f4[d] - f3[g], i21, i< k-1,g==20,d==1, k=21, nz k}, {d, g, i}];
min = min[[1]1[[1]1[[2]11[[1]]1;
Print["0 < ", TraditionalForm[Simplify[min]],

" < ", TraditionalForm[Simplify[f4[6] - f3[¥]11],

" < ", TraditionalForm[Simplify[max]], " < 2nk+1"];

3k

1
0 < k < 'i+(k—l) (y+6) = k- — + = < 2nk+1
2 2

mn-1= (% Comparison 4th - 4th )
Print["-2nk-1 < ", TraditionalForm[Simplify[f4[61] - f4[52]111,
" < 2nk+1 and ", TraditionalForm[Simplify[f4[61] - f4[52]] # O],

" since ", TraditionalForm[61 # 62]];

-2nk-1 < (k-1) (61-62) < 2nk+1 and (k-1) (61-62) +© since 61 # 62



