Advanced methods for e

Information Representation

Vector spaces-I
Basics/Norm/Inner product/Distances

Riccardo Leonard:

Universita degli Studi di Brescia

Department of Information Engineering

£ =" |UNIVERSITA University of Brescia
5 2025 9 | DEGLI STUDI . .
=4 | D| BRESCIA Via Branze, 38 — 25231 Brescia - ITALY

Universita degli Studi di Brescia, DIl



Group: definition

* Group (G,*) O
It is an algebraic structure where the operation “*” between

the elements of G is

1. associative, i.e.Vab,ce G, (a@a*b)*c=a* (b *c)

"k

2. 3 a neutral element with respect to “*”, i.e.

Vae(G,Jde, €G,a*e =€ *a=a

Uk

3. Every element of G has an inverse with respect to “*”, i.e.

VaeG,IbeG a*b=b*a=e,

e lfVvabeG, a*b=>b*a, (G,¥*issaid to be commutative (or
abelian)
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Field: definition

* (K,+,.): algebraic structure over which 2 operations are defined,
“+" and “.” such that:

— (K,+) forms an abelian group;

— (K\{e,},.) forms a group with neutral element e

"

" is distributive with respect to +, i.e. ¥ a,b,c € K, a.(b+c) = a.b+a.c

« (C,+,.) represents the field of complex numbers, with “+” and
“" being the addition/multiplication on complex numbers

* (R,+,.) represents the field of real numbers, with “+” and “.”
being the addition/multiplication on real numbers
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Vector spaces: definition

« Vforms a vector space on the field of complex numbers C if @)

1. (V, 4+) forms a commutative group, where + identifies the “sum”
operation between the elements of V. Its neutral element is 0 = e,.

2. 3 an external product “.” between the elements of V and C, for which

" n // /"

a) complex number multiplication “. i.e.

Vab, €C, veyV (ab).v=a.b.v)

is interchangeable with respect to

b) 1€ Cis a neutral element for “.”, ie. VVveE YV, 1.w=v

// /"

C) is distributive with respect to the sum “+” of the elements inV, i.e.
Vae( xy €V, a(x+y =(@x + (a.y)
d) “." is (sort of) distributive” with respect to the sum “+” defined over C, i.e.

VabedC xeV, (ath).x = (a.x) + (b.x)

e The elements of V are called “vectors”.
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Vector spaces: examples

+ Space C" / R" of complex-/(real-)valued finite dimensional @
vectors

C/ RN ={x=[%oX{ ... xnq! | X,€EC/R,n=0,1, ..., N-1}
]T

| X
+

Y = [ XotYo Xi+Y1 oo XN1HYNC

.
= [ a.Xg a.Xq ... XN )

&
| X
I

Space C* / R” of complex-/(real-)valued infinite sequences

C*/R” ={x=1...x, x0x1...]T|an(C/R,nEZ}

.
. Xq+Yor XotYo Xi+Yq - |

.
a.x = [...a.x4qaXy a.Xq ... a.Xn1 |

X

+
<
>
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Vector spaces: examples

» Space C" / R" of complex-/(real-)valued functions over R~ @
C" /R ={x=x@]|x()e C/R,te R}
X+y & (x+y)t) sum of functions

a.X 2 (a.x)(t) external multiplication between a scalar and a function

+ Space C* of complex-valued functions defined over R

* Space CP of complex-valued functions defined over [a,b]

 Space of polynomial functions of order N-1:  x= Ean.t”
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Subspace: definition/examples

« A non-empty subset S of a vector space V is called a subspace o
V, when it is closed with respect to the operations of vector

/" i,

addition “+“ and scalar multiplication “. “:

1. VXy€eSs$ x+y€es
2. Vae( x€S axeEeS

(alternatively, Va,b e C, x,y €S, a.x + b.y € 5)

« Examples of subspaces
— S;={x=axg|fixedxyeV,vae C}

— S, ={xE€ C” | x, =0, ¥n #1,2,3 }, subspace of sequences having 0
value for indices n #1,2,3

—  Sy={x€C"|x(t)=-x(-t) }, subspace of odd complex-valued functions
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Affine subspace: definition/examples

» A non-empty subset T of a vector space V is called an affine ©
subspace of V, when there exists a vector v, €V, and a
subspace S of VsuchthatVte T,3s€ S, t=s + v

* Property
— An affine subspace is a subspace of a vector space V only if it contains O

* Note: An affine subspace generalize the concept of a plane in
Euclidean geometry.

« Examples

— T, ={x=axpt+yy | fixed xo,yo€ V, Va € C }, it is a subspace iff y, = 0

- T,={x€ Cc” | x, =1, ¥n #1,2,3 }, affine subspace of C” itis not a
subspace of C” since the sequence of all “0” & T,
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Span/Linear independence: definition

« The span of a set of vectors S is the set of all finite linear O
combinations of vectors in S

S={p,k=12,.,N}|

a,€Cp €E5N< 00}

span(S) = span{gk} - {iak.gk
k=1

* A set of vectors S = {@y, k=1, 2, ...} is said linearly independent
when the system of linear equations Y @,.¢, =0 admits as

unique solution oy, =0 Vvk=1,2, ...
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Dimension: definition

* A vector space V is said to have dimension N when it contains
a linear independent set of cardinality N and any other set of
higher cardinality is linearly dependent. If no finite N exists,
the vector space is infinite dimensional.

» Examples
1. R has dimension N

2. The vector space of polynomial functions of degree N has dimension
N+1

Vi b e : .
3. C°, C™" are infinite dimensional vector spaces
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Inner product: definition

* An inner product on a vector space V over C (or R) is a ")

complex-(real-)valued function defined on VxV satistying the
following properties Vx,y,z € V and a € C:

a) <X+y,z> = <X,z>+ <y, z> linearity
b) <o.x,y> = a.<x,y> homogeneity

[ <x,0y> = o*.<x,y>]
C) <X y>=<yx>* [Hermitian symmetry]
d) <x,x>>0and <x,x>=0iff x=0 [positive definiteness]

« Examples for V (x,y) € C’
1. <x¥y>=XgYo +5x1y;7 OK
2. <XY>=Xo'Vo+ X1V NO: violation of (b)

3. <X,Y> = XoYo' NO: violation of (d) (<[0 1]',[0 1]'> = 0)

16/09/2024 © R. Leonardi Universita degli Studi di Brescia, DII



Inner product: standard definitions/orthogonality

N N-1 .
« C: <§’X> = Exn.yn (x,y) ECY
+ Subspace of C” leading t0 a convergent series
(xy)= Y x5, (xy) EC’

nez

» Subspace of C" leading to the existence of the integral
(xy)= [x().y'(0).dt (xy) EC"

1. 2 vectors x and y € V are said to be orthogonal (x.Ly)
if <x,y>=0

2. A set of vectors S is said orthogonal whenever xly Vx,y € S
with x #y
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Inner product: orthogonality

3. A set of vectors S is said orthonormal whenever it is O
orthogonal and Vx€ S, <x,x> =1

4. A vector x is said to be orthogonal to a set of vectors S (x.LS)
when (xls) Vs € S

5. Two sets of vectors Sy and S, are said to be orthogonal (5,L5;)
whenever x,15; VXyES,

6. Given a subspace S of a vector space V, the orthogonal
complement of S, denoted S* is the set {x € V| xLS}

* Properties
— S"is a subspace of V
— An orthonormal set {@,} is a linearly independent set

(proof: expand 0 in <0,p;> = 0)
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Inner product examples / Inner product space

* Example of an orthonormal set
Pot) =1 t € [-12, 2]
o) =2" cos 2knt) te€ [, k] k=1,2...

{ot), k=0, 1, ...} is orthogonal to the set of odd functions S.yq
defined over [-1/2,1/2]

 Definition
A vector space equipped with an inner product is called an

inner product space
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Norm: definition

* A norm on a vector space V over C (or R) is a real-valuec @

function ||.|| defined on V satistying the following properties
vx,y € Vand a € C(or R):

a) ||x]| =0 and||x|]|=0iffx=0  [positive definiteness]
b) ||a.x|| = |a.||x]] [homogeneity]
o) |x+y|| < |Ix]| + ||yl [triangle inequality]

geometric interpretation: the length of any side of a triangle <
the sum of the lengths of the other two sides

* An inner product may be used to define a norm; in such a case
the norm is said to be induced by the inner product

* Examples forV x € C’
| = (xo|” + 5|9 OK  3.|x|]|=|xo] NO: violation of (a)
2. | IX]| = [xo] + |x4] OK 4. |1x]| = max(|xq|, |x1]) OK
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Norm: standard definitions

e Euclidean norm in C": Ix[, = ]§

n=0

2

x| xec”

n

» Euclidean norm in subspace of C”~ for which the norm exists

Il = |2

ne/Z

2

x € C*

xl’l

» Euclidean norm in subspace of C" for which the norm exists

], = \/ []x@[.dr xeC*
R

* Or more generally

2
2], = (x.x
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Inner product induced norms: properties

* Pythagorean theorem
vxy €V, suchthatxly — [x+y[ = |x + |y
proof: inner product properties + express <’—C+X’E+X>

more generally

2

E ||— 2
||
keK k

X
rek =k

{XiJkek being an orthogonal set HE

* Parallelogram law

Vxy € V H£+XH2 +H£‘XH2 = 2(”’—“”2 +HXH2)

— The parallelogram law is a necessary and sufficient condition for the
norm to be induced by an inner product
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Inner product induced norms: properties

 Cauchy-Schwarz inequality X

vxy €V, Kxy)| sl
— Equality holds when x = a.y

0
— proof: use non-negativity of ||k.x + y| |2
osferesf = WL ebf 2 Rel(kay) oo 5]
= |kl £§+ Xz+2 Re{k< X>}
2

‘<x >*‘ . 5
Choosing k = - <x,y>* /||| |2 leads to >2 M +2 Red _KLM L > ()

(= y>\2
o <[,

CVD
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Normed vector space

« Normed vector space: A vector space equipped with a norm p
called a normed vector space

* Note: caution is necessary to limit the subspace of V for which
the norm exists
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Metric: definition

* In a normed vector space V over C (or R), the metric or O
distance between 2 vectors x and y is defined as the norm of
the difference vector: d(x,y) = ||x-y|]

 Given a vector space V over C(or R), a distance may be more
gsenerally defined even in the absence of a norm as the real-
valued function defined on VxV satistying the following
properties Vx,y,z € V

1. dixy)>0 [positivity]

2. dxy=0ex=y

3. dixy) =d(y,x [symmetric measure]
4. dixy <dx,z) +dzy) [triangular inequality]

« Example of a distance not induced by a norm in R

d(x,y) = | atan(x) — atan(y) |
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Standard spaces

 Standard inner product spaces O
— Space of complex-valued finite dimensional vectors: C"
— Space of square-summable sequences: 1°(7) ¢ C” (infinite dimensional)
— Space of square-integrable functions: L ‘(R) ¢ C* (infinite dimensional)
— Space of square-integrable functions over [a,b]:L *([a,b]) C cP
— Space of continuous functions C[a,b] C cP
— Space of continuous functions with q continuous derivatives
C%a,b] € C*'[ab] C ... € C’[a,b]=Cla,b]
Note: C[a,b] is not a complete space
— Space of polynomial functions C C”[a,b]

— Space of random variables (RVs): inner product <X,Y> = E[XY']

* The space of RVs with finite 2"4 order moments is a normed vector space
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Standard spaces

 Standard normed spaces

. . . . N
— Space of complex-valued finite dimensional vectors: C
1/p
N-1

* p-norm:
”—X” E
P

n=0

p
X

n

xec”

— p=1: Manhattan norm

— p=2: Euclidean norm
N-1

_ lp
p —_—
poes sl = tim (E) -

n=0
— p€l0,1) does not lead to a norm, but provides useful interpretation

[o) 2]

— p=0, ||x||o accounts for the number of non zero components in x

4) xec”

+

= (1+1)2=4>2=1+1=H

1/2

— Any two norms bound each other within a constant factor

— Only for p=2, the set of unit-norm vectors is invariant to a rotation of the
coordinate system
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« Set of unit-norm vectors in R” for different IP-measures O

< ||zfo0 =1

t— ||zt =1
|z|l1y2 =1

> I
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°(7) spaces

I norm: p€[1,)

1/p
o= (Shr| xees
ne’z
— 1" norm:
|x|. = suplx,| x€E€C*

nEzZ
— for p€[1,), the normed vector space IP(Z) € C” correspond to the

subspace formed by vectors in C~ with finite I> norm

— Property: p<q= I"(Z) c 19(2)

« Corollary: If a sequence has finite I'-norm, it has finite I>-norm (the opposite is
not necessarily true)

* Example: x,=1/n n=1,2,... and x,=0 n<0

|1x||, = 7°/6 whereas ||x]||; diverges
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/P(R) spaces

« /P norm: p€[1,)

x| = (f|x(t)|p) x EC"

— £ " norm: x|, = esssup|x()] xEC"

o0
1ER

— for p€[1,»), the normed vector space LP(R) C C" corresponds to
the subspace formed by vectors in C* with finite L’ norm

* Property: if p<q, L7(R) C LY(R)

* Itis possible to define similarly other £ norm for other
continuous time vector spaces such as C'*
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Convergence: definition

« Convergent sequence of vectors
A sequence of vectors x,, X;, ... in a normed vector space V

is said to converge to a vector véV when lim,_ ||v-x|| =0
— In other words, given £>0, 3K, such that ||y—§k||< e Vk>K,

— Note that the convergences may depend on the choice of the norm

* Consider

c(y=] 1 1EI0K]

0 otherwise

— This sequence of vectors converges to v(t)=0 for all L norms with p<

— It does not converge for the L ® norm
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Closed subspace: definition

A subspace S of a normed vector space V is said to be closed ©)
when it contains all limits of sequence of vectors in S.

* Properties

Subspaces of all finite-dimensional normed spaces are always closed
Span of infinite set of vectors may not be closed

The closure of a set is the set of all limit points of convergent
sequences in the set

The closure of the span of an infinite set of vectors is the set of all
convergent infinite linear combination. The closure of the span of a set
of vectors is always a closed subspace

span({qak}k & K {2 a,Q,

keK

o, €C and the sum converges }
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Completeness / Hilbert spaces

 Cauchy sequence of vectors O

A sequence of vectors X, X;, ... in a normed vector space V
is called a Cauchy sequence when given £>0, 3K, such that
|lxi-x,|<e Vkm>K,
— The elements of a Cauchy sequence stay arbitrarily close to each other.

— For real-valued sequences, it must converge (but it may not be true for all
normed vector spaces)

* A normed vector space V is said to be complete when every

Cauchy sequence in V converges to a vector in V. A complete
inner product space is called a Hilbert space.
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Completeness / Banach spaces

« A complete normed vector space is called a Banach space @

* Properties

— Q is not a complete space since there are sequences in it converging to
irrational numbers

— All finite-dimensional spaces are complete
— All I’(Z) spaces are complete; in particular I°(Z) is a Hilbert space

— All £P(R) spaces are complete; in particular £%(R) is a Hilbert space
(p<0)

— C'([a,b]) are not complete under the £¥ norm for pe[0,)

— The inner product space of random variables are complete and thus
forms Hilbert space
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Complete and non complete normed spaces

Vector spaces

Normed vector spaces

Inner product spaces Banach spaces

Hilbert
spaces

o CN
. e"’(Z)
° [,Q(R)

o QN
* C([a,b])

e (V.d)
o (%(Z)

e (C([a,8]), Il

Relationship between different vector spaces. (V,d) is any vector space with a metric
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Separability: definition

» A space is called separable when it contains a countable @
dense subset

A Hilbert space contains a countable basis if and only if it is
separable

— A closed subspace of a separable Hilbert space is separable
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