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Exercise

2.5. Linear independence
Find the values of the parameter a € C such that the following set is linearly independent:

v={b S o2l )

For a = j, express the matrix [0 8

2 j— 2] as a linear combination of elements of U.

DEFINITION 2.5 (LINEARLY INDEPENDENT SET) The set of vectors {¢o, ¢1, ...,
@n-1} is called linearly independent when E,iv:_ol arpr = 0 is true only if o =0
for all k. Otherwise, the set is linearly dependent. An infinite set of vectors is
called linearly independent when every finite subset is linearly independent.
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Exercise

2.7. Inner product on CN

Prove that (z, y) = y* Az is a valid inner product on CV if and only if A is a Hermitian,
positive definite matrix.

DEFINITION 2.7 (INNER PRODUCT) An inner product on a vector space V over
C (or R) is a complex-valued (or real-valued) function (-, -) defined on V' x V' with
the following properties for any z,y,z € V and a € C (or R):

@
-

(iii) Hermitian symmetry: (z, y)* = (y, x).
Positive definiteness: (x, z) > 0, and (z, z) = 0 if and only if z = 0.

Distributivity: (x + y, z) = {(z, z) + (y, 2).
Linearity in the first argument: (az, y) = alz, y).
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Exercise

2.10. Orthogonal transforms and co norm
Orthogonal transforms conserve the 2 norm, but not others, in general. Consider the oo
norm (2.39b).

(i) Consider the set of real orthogonal transforms T on R?, that is, plane rotations and
rotoinversions (2.238). Give the best lower and upper bounds az and bs so that

az < ||T2z]lc < b2 (P2.10-1)

holds for all orthogonal 7% and all vectors z of unit 2 norm.

(ii) Extend (P2.10-1) by giving the best lower and upper bounds ay and by for the
general case of real orthogonal transforms Ty on RN with N > 2.

||‘T|IOC = max([fl;o],|.’l‘1|,...,|.’1},‘\(_1|).
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Exercises

2.13. Distances not necessarily induced by norms
A distance, or metricd : V x V — R is a function with the following properties:

(i) Nonnegativity: d(z,y) > 0 for every z,y in V.
(i) Symmetry: d(z,y) = d(y,z) for every z,y in V.
(iii) Triangle inequality: d(z,y) + d(y, z) > d(z, z) for every z,y,z in V.
(iv) Identity of Indiscernibles: d(z,z) = 0 and d(z,y) = 0 implies z = y.
The discrete metric is given by

= 0, ifx=y;
d(z,y) = { 1, ifz#y.

Show that the discrete metric is a valid distance and is not induced by any norm.
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