Lectures 4-5: Entropy as a Counting Tool

Algebraic and Analytical Methods in Coding Theory

September 2026

Abstract

The goal is to show how Shannon entropy can be used as a counting tool in combinatorics
and coding theory. We start from a card puzzle, prove the entropy inequalities that will be
needed, derive Shearer’s lemma, and apply it to projections, triangles, and independent sets.
We then study two coding problems for the binary adder channel. For two different codes we
prove Ry + Ry < 3/2. For a single binary B code we first obtain the direct bound R < 3/4,
and then use a prefix—suffix argument to improve it to R < 3/5.
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1 A puzzle about transmission of information

Let
D={1,2,...,n}

be a deck of n labelled cards. A set of k cards is given to Alice. She chooses one card to hide and
shows the other k& — 1 cards to Bob, one at a time, in an order of her choice. Alice and Bob can
agree on a strategy before the game, but they cannot communicate during the game.

Bob must always determine the hidden card.

1.1 An informal information count

Alice can choose which card to hide in k ways. She can order the other k — 1 cards in (k — 1)!
ways. Hence she has

E(k—1)! = k!
possible actions. If we measure information in bits, this is at most
log(k!)

bits.
After Bob has seen k — 1 cards, there are

n—k+1
possible labels for the missing card. Distinguishing these possibilities requires at least
log(n —k+1)

bits. This suggests
log(n — k+ 1) <log(k!),

or

In—k+1<k]|

1.2 A formal counting proof

There are

n

k
possible hands. A message sent by Alice is an ordered sequence of k — 1 distinct cards. The
number of such sequences is

n!

n(n—l)---(n—k+2):m.



If two different hands produced the same ordered sequence, Bob would see the same message in
two different situations and could not know which hidden card was correct. Therefore the strategy
must map different hands to different messages. Hence

(1) =G

n! _(n k!
n—k+1)! \k)n—-k+1

n—k+1<kl]

Now

After cancelling (}), we obtain

The important point is not the puzzle itself. It is the idea that counting possible messages is the
same as measuring how much information can be transmitted. Shannon entropy gives a precise
language for this idea.

2 Shannon entropy
Throughout the notes, all logarithms are in base 2.

Definition 2.1 (Entropy). Let X be a random variable with finite alphabet X. Its entropy is

H(X) :=E[-1ogP(X)] = = Y P(X = 2)logP(X = ).
TEX

If X is uniform on a finite set F, then

1
PX =zx)=—
|7
for every x € F, so
H(X) = log|F|.

This simple identity is the bridge from entropy to counting.

Definition 2.2 (Conditional entropy). For random variables X,Y,

H(X|Y): Zﬁv =z,Y =y)logP(X =z |Y =y).

Equivalently,

HX|Y) = S B(Y = g)H(X | Y = ).

Y

2.1 The chain rule

Using
p(x,y) = p(z)p(y | =),
we have

H(X,Y) ==Y plx,y)logp(z,y)

$7y



=— Zp(:c,y) log p(x) — ZP(%Z/) logp(y | =)

z?y

= H(X)+ H(Y | X).

Thus

|H(X,Y)=H(X)+ H(Y | X)=H(Y)+ H(X|Y)]

Repeatedly applying the chain rule gives

n
H(Xy,...,Xn) =Y H(X; | X1,...,Xi1).
=1

2.2 Four basic properties
Proposition 2.3 (Maximality). If X takes at most m values, then
H(X) <logm.
Equality holds if and only if X is uniform on its support of size m.
Proof. Write p, = P(X = z). Since log is concave, Jensen’s inequality gives
1
H(X)=> pylog—
" Pz
1
<log (Y pea—
— " pa
= logm.

Equality in Jensen holds exactly when all positive p, are equal. O

Proposition 2.4 (Conditioning reduces entropy). For any finite random variables X,Y,

|H(X |Y) < H(X).|

Equality holds if X andY are independent.

Proof. For each value y, let p¥) be the conditional distribution of X given Y = y. The marginal
distribution of X is the average

px = PY =y)p¥.
Yy

The entropy function is concave because —tlogt is concave. Therefore

H(X)=H <ZP(Y = y)p(y)> > P(Y =y)HpY)=H(X |Y).

Corollary 2.5 (Subadditivity).




Proof. Use the chain rule and then remove conditioning:

I
.M:

@
Il
—

H(Xy,...,Xp) H(X; | Xq,...,X;-1)

IA
-
T

N
Il
—

(X5).

Proposition 2.6 (A deterministic map cannot increase entropy). If Z = f(X), then

|H(Z) < H(X).|

If f is injective on the support of X, then equality holds.

Proof. Since Z is determined by X,
H(Z|X)=0.

Hence
H(X,Z)=H(X).

By the chain rule in the other direction,
H(X,Z)=H(Z)+ HX |Z) > H(Z).

Thus H(Z) < H(X). If f is injective, then X is also determined by Z, so H(X | Z) = 0 and
equality follows. O

Main idea. To count a finite family, choose an object uniformly from the family. Then
its entropy is exactly the logarithm of the size of the family. Bound the same entropy in
another way.

3 Shearer’s lemma

3.1 A geometric example: projections of points in R?
Suppose X C R3 consists of N distinct points. Let
Ny, Nis, Nas

be the numbers of distinct projections on the xy, xz, and yz planes.

Proposition 3.1.

N? < Ny1gN13Nos.

Proof. Choose
X = (X1, X2, X3)

uniformly from the N points. Then
H(Xl, XQ, Xg) = log N.
The projection (X1, X3) takes at most Ny values, so maximality gives

H(Xl, XQ) S log ng.



Similarly,
H(X17X3) SIOgN137 H(X27X3) SlogN23~

We now prove
2H(X1, Xo, Xg) < H(Xl, X2) + H(Xl, X3) + H(XQ, Xg)
Expand the right-hand side:

H(Xl,XQ) +H(X1,X3)+H(X2,X3)
= H(Xy) + H(Xz | X1) + H(X1) + H(X3 | X1) + H(Xp) + H(X3 | Xa).

Now use
H(X2) > H(Xz2 | X1),

H(Xs3 | X1) > H(X3 | X1, X2), H(X3 | X2) > H(X3 | X1, X2).
The result is at least

2H(X1) + 2H(X2 ‘ Xl) + 2H(X3 | Xl,Xg) = 2H(X1,X2,X3).

Consequently,
2log N < log Ni2 + log N13 + log Nogs,

which is equivalent to
N? < Ni3N13Na3.

Example 3.2 (Equality). Take
X ={0,1}3.

There are N = 8 points. Each two-dimensional projection contains the four points of {0,1}2, so
Nig = N1z = Na3 = 4.

Thus
82 =4-4-4.
More generally, if X = A x B x C, then
N =[A||B[|C], N2 =[A[|B|, Nz =I[A[[C], Ny =|B||C],

and equality holds. In entropy language, the three coordinates are independent. The converse is
also true: equality in the complete chain above forces this product structure; see Ezxercise 2.

3.2 The general lemma
Let
X =(X1,...,Xy)

and let
A = {Ai}ier, A; € [n].
For A C [n], write
Xa=(X;:j€A).

Theorem 3.3 (Shearer’s lemma). Assume that every coordinate j € [n] belongs to at least k
members of A. Then

il




Proof. Fix A C [n]. List the coordinates of A in increasing order and use the chain rule:
H(Xa)=) H(X;| Xan-1)-
JjeEA

Since
Anfji-1cli-1,

conditioning on all previous coordinates can only reduce entropy. Therefore
H(X; | Xarg-1) > H(X; | X1,...,X;-1).

Hence
H(X4) > > H(X;| X1,...,X;1).
JEA

Now sum this inequality over A; € A:

STH(Xa) =Y Y H(X; | Xy,..., X 1)

iel il jeA;

Every coordinate j appears in at least k sets A;. Thus

il =1

= kH(Xy,..., X,).

4 Two applications of Shearer’s lemma

4.1 'Triangles in a graph

Let G be a graph with m edges and T triangles.

Proposition 4.1.

T < (2m)3/2 _ ﬁmg/g
- 6 3

Proof. Choose an ordered triangle
(X1, X2, X3)

uniformly. Every triangle has 3! = 6 orderings, so there are 67 possible values and
H(X1, X9, X3) = log(6T).
Apply Shearer’s lemma to
Ay ={1,2}, As = {1, 3}, As = {2,3}.
FEach coordinate appears in exactly two sets, hence
2H (X1, X2, X3) < H(Xy, Xo) + H(X1, X3) + H(X2, X3).
Each ordered pair (X;, X;) is an oriented edge of G. There are 2m oriented edges, therefore

H(X;, X;) <log(2m).

7



It follows that
2log(6T) < 3log(2m).

Exponentiating,
(6T)* < (2m)?,

and taking square roots gives the claim. O

For a complete graph, m ~ N2/2 and T ~ N3/6, so the constant is asymptotically sharp.

5 A local entropy calculation for the binary adder

The coding applications below use the same one-coordinate inequality.

Lemma 5.1. Let
U ~ Bern(p), V ~ Bern(q)

be independent. Then

HU+V) <

[\CR V]

Equality holds exactly at p=q =1/2.

Proof. We give a short symmetrization argument.

Step 1: keep p + ¢ fixed. Put
s=p+q, r=pq.

The distribution of S =U + V is
P(S=0))=1—-s+r, P(S=1)=s—2r, P(S=2)=r

For fixed s, regard the entropy as a function of r. Since the derivatives of the three probabilities
add to zero, direct differentiation gives

d (s —2r)?

%H(S) = log r(l—s+r)

Now
s=2r=p(l—q)+(1-p)g.

By the arithmetic—geometric mean inequality,

p(1—q)+ (1 —p)g>2yp(1 —q)(1 —p)g
=2v/pa(1 —p)(1 —q)

=2\/r(l—s+r).
Therefore
(s —2r)?
r(l—s+r) = 7
and hence p
—H(S 0
dr (9) >

in the interior. So, for fixed p+ ¢, the entropy increases with pq. The product pq is maximal when
p = q. We may therefore set

p=gq==1.



Step 2: maximize along the diagonal. Now U,V are i.i.d. Bernoulli(¢). Since S =U +V is a
deterministic function of (U, V),

H(S) = H(U,V) - HU,V | ).

Independence gives
H(U,V) = 2h(t).

If S =0, then (U,V) = (0,0). If S =2, then (U,V) = (1,1). Only when S = 1 are there two
possible ordered pairs, (0,1) and (1,0), and they are equally likely. Hence

HU,V|S)=P(S =1) = 2t(1 — t).

Thus
This function is symmetric:

Moreover,
"t)=4— ——— <0,
(1) (In2)t(1 — t)

because t(1 —t) < 1/4. Therefore g is strictly concave and symmetric, so its maximum is at

t =1/2. At this point
111
S ~ <4a 57 4) )

and

6 Two sum-distinct codes
Consider two binary codes
Ch,0y C {0, 1}”.
We add vectors over the integers, so the output alphabet of one coordinate is {0, 1,2}.

Definition 6.1 (Uniquely decodable pair). The pair (C1,C2) is uniquely decodable for the binary
adder channel if
(z,y) — 2z +y

is injective on Cp X Cs.

Define ) 1
R1:—10g|01|, R2:*10g|02‘.
n n

Theorem 6.2. Every uniquely decodable pair satisfies

3
R1+R2§§-




Proof. Choose X uniformly from C7 and Y uniformly from C5, independently. Then
H(X) =log|Ch],  H(Y) = log|Cy,

and independence gives
H(X,Y) =log|Ci] +log|Ca|.

Put
Z=X+Y.

Because the sum map is injective on Cy x Cy, Z determines (X,Y). Thus
H(Z)=H(X,Y).
By subadditivity, .
H(Z) <> H(Z).
i=1

For every coordinate 4, the random variables X;,Y; are independent Bernoulli random variables,
although their parameters can depend on ¢ and on the code. The local lemma gives

H(Z)=H(X;+Y;) <

N W

Therefore

3
log |Cy] +log|Cs| = H(Z) < 3

n.

Dividing by n gives
3
R+ Ry < 5

Main idea. The proof has only two ingredients: global injectivity of the sum map and
a one-coordinate entropy bound. This is the cleanest form of the entropy method in
coding theory.

7 From two codes to one binary B, code

We now use one code instead of two different codes.

Definition 7.1 (Binary Bs code). A code
c c{o,1}"

is a binary By code if the integer sums x +y are pairwise distinct when indexed by unordered pairs
{z,y} of codewords, allowing x = y. Equivalently, x + vy determines the unordered pair {x,y}.

Let .
M =|C|, R = —log M.
n

The connection with the previous problem is immediate. If we tried to set
Cr=Cy=C,

the sum map would no longer be injective on ordered pairs because
r+y=y+ux

The output sees the unordered pair but not its order.

10



7.1 First attempt: a direct entropy bound

Let X,Y be independent and uniform on C' and define
S=X+Y.

The B property says that S determines {X,Y}. Thus, given S, there are at most two possible
ordered pairs: (X,Y) and (Y, X). Therefore

HX,)Y|S) <1
Since S is a function of (X,Y),
H(X,Y)=H(S)+ H(X,Y | S).

Hence
2logM = H(X,Y) < H(S) + 1.

By subadditivity and the Bernoulli-sum lemma,
- 3
H(S) < Zl H(Xi+Y;) < on.
1=

Consequently,
3
2log M < in + 1.

Dividing by n and letting n grow gives

R <

]

One can make the finite calculation slightly sharper. If X # Y, then there are exactly two
equiprobable ordered pairs compatible with the sum; if X = Y, there is only one. Since
PX=Y)=1/M,

1

HX,Y |S) =1~ .

The asymptotic rate bound is the same.

Remark 7.2. The direct argument loses only one bit because of the swap ambiguity. This is not
enough to obtain the stronger 3/5 bound. The next argument changes the random experiment so
that order is recovered from a difference, except when the two codewords are equal.

8 The prefix—suffix method for binary B, codes

8.1 Step 1: group codewords by a prefix
Split every codeword into a prefix of length e and a suffix of length
f=n—e

Write
ci = (pi,w;).

For each possible prefix ¢ € {0,1}¢, define

Pg:{(ﬁ,w) :wGWg}, M, = ‘Wg‘

11



There are at most 2¢ prefix classes and

ZMg:M.

14

Sy 1= Z M.
l

Define

Cauchy—Schwarz gives

2
M? = (Z Mg) <2°) M7 =2°S,.

4 14

Therefore

2

S2 > oo

Now choose an ordered pair of codewords uniformly among all ordered pairs that have the same
prefix. There are exactly So such pairs. Let (X,Y") be the corresponding pair of suffixes. Because
the pair is uniform,

|H(X,Y) =log S5. |

Notice an important detail. The prefix class £ is not chosen uniformly. It is chosen with probability

M2
P(I=1()= ?5

Conditioned on I = ¢, the two suffixes X,Y are independent and uniform on W,.

8.2 Step 2: use the difference of the suffixes

Define
Z=X-Y e{-1,0,1}/.

The difference has an advantage over the sum: it remembers the order, since swapping X and Y
changes Z to —Z. We now show that the Bs property makes the difference map injective away
from the diagonal.

Lemma 8.1 (Off-diagonal injectivity). The map
(w1, wa) — w1 — w2

1s injective on the ordered pairs with wi # wy taken from prefir classes.

Proof. Suppose
W1 — W2 = W3 — W4,

where wi, ws belong to the prefix class ¢ and ws, w, belong to the prefix class m. Define the
corresponding full codewords

a= (E?w1)> b= (€7w2)a c= (m7w3)7 d= (mvw4)'
The equality of differences is equivalent to

w1 + wq = Wy + wW3.

12



The prefix of a + d is £ + m, and the prefix of b + ¢ is also £ + m. Therefore
a+d=b+c

Since C'is a By code, the sum determines the unordered pair. Hence
{a,d} = {b,c}.

There are two possible matchings. The matching ¢ = b and d = ¢ would imply w; = ws,
contradicting the off-diagonal assumption. Therefore the other matching must hold:

This gives

Thus the ordered pairs are equal. O

Every nonzero value of Z therefore has exactly one preimage. The only value with many preimages
is
Z =0,
which occurs exactly for diagonal pairs X =Y.
Since Z is a deterministic function of (X,Y),

H(X,Y)=H(Z)+H(X,Y | Z).

For Z # 0, the conditional entropy is zero by injectivity. Hence

|H(X,Y)=H(Z)+P(Z = 0)H(X,Y | Z =0).|

8.3 Step 3: control the diagonal term

There is one diagonal ordered pair for each codeword. Hence exactly M of the Se ordered pairs

satisfy Z = 0. Therefore
M

Conditioned on Z = 0, the M diagonal pairs are equiprobable, so

P(Z =0)

H(X,Y | Z=0) =log M.

Thus v
P(Z=0H(X,Y |Z=0)= S—logM.
2
Using
M2
S2 2 e )
we obtain

e

2
P(Z=0)H(X,Y | Z=0) < - log M.

The idea will be to choose e slightly smaller than log M, making this term bounded while keeping
the prefix long enough to be useful.

13



8.4 Step 4: bound the entropy of one difference coordinate

Write
Z=(Zv,...,Zy).

Fix a coordinate j. Conditioned on the prefix class I = ¢, the random variables X;,Y; are
independent and identically distributed Bernoulli variables. Let

Do j :IF’(Xj =1]1=1Y).
Then

P(Z;=0|1=0=PX;=Y;|I=20)
=p;,; + (1 —pej)®

1 1\2

>

N = N

Averaging over £ gives

P(Z; = 0) >

N

The random variable Z; takes only three values —1,0,1. Under the constraint that the middle
probability is at least 1/2, entropy is maximized when

and the remaining probability is split equally between —1 and 1. Thus the maximizing distribution
is

111

472°4)°

H(Z;) <

and

Do | W

This is the same local constant that appeared for the binary adder channel.

By subadditivity,

IN

/
H(Z)<) H(Z) <
j=1

Since f =n —e,

8.5 Step 5: choose the prefix length and finish the proof

Assume that M grows exponentially with n. If not, the asymptotic rate is zero and there is
nothing to prove. Put
L =log M

and choose

‘e:LL—logLJ.‘

14



Then

so the diagonal contribution satisfies
P(Z=0)H(X,Y|Z=0)<1.
Therefore

log Sy = H(X,Y)
=H(Z)+P(Z=0)H(X,Y | Z=0)

3

2

< —-(n—e)+1.

On the other hand,
2

26

Sy >
implies
log S5 > 2log M — e =2L —e.
Combining the two estimates,
3
2L —e < Q(n—e)—kl.
Move the e terms to the left:
O+ te<Pnii
—e< -—n+1.
2 — 2

Our choice of e gives
e=L—logL+0O(1) =L+ o(n).

Hence 5 5
§L < 5" + o(n).
Divide by n:
Pr< o)
2t =2 7T"
Taking the limit superior gives
3
R< =
-5

9 What the two coding proofs have in common

The coding part of the lecture can be summarized by the following table.

Problem Main injective object Entropy conclusion
Two codes C1, Co (x,y) —» x4y Ry + Ry < 3/2
One binary Bs code, direct sum determines {z,y} R<3/4

One binary Bj code, refined  suffix difference, off diagonal R < 3/5

The same local distribution

and the same entropy value

15



appear in both problems. The difference is global.

For two separate codes, the two users are labelled: the output sum uniquely identifies the ordered
pair. For one code, the sum is symmetric and forgets the order. A direct treatment of this
symmetry gives the 3/4 bound. The prefix—suffix method is stronger because the difference of two
suffixes remembers the order. The only point where the difference loses information is X =Y,
and the prefix length is chosen so that this diagonal event contributes only O(1) bits.

Main idea. Entropy methods often have two layers. First find a local entropy bound
for one coordinate. Then use combinatorial injectivity to turn that local bound into a
global bound on the size of a code or a family.

Exercises

1. Show directly that every Cartesian product A x B x C' C R? gives equality in the projection
inequality.

2. In the projection proof, identify all the places where equality is needed. Use them to show
that equality forces the three coordinates to be mutually independent.

3. Verify the triangle bound for G = K and check that the ratio tends to 1 as N — oco.

4. For a binary By code, prove the exact identity

1
HX)Y|X+Y)=1—-—

when X, Y are independent and uniform on the code.

5. In the prefix—suffix proof, replace e = [log M — loglog M | by e = |log M — cloglog M | for a
fixed ¢ > 0. Determine for which ¢ the diagonal term is o(n) and check that the asymptotic
rate bound remains 3/5.
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